ON COVERINGS OF FOUR-SPACE BY SPHERES(Y)

BY
F. L. CLEAVER

Let E, denote Euclidean n-space and S, the unit hypersphere about the origin.
A lattice L in E, is defined to be the totality of all points of the form
g X, +gX,+--+g,X, where g,,g,,-:,8, are arbitrary integers and
X, X5, X, is a fixed set of linearly independent points of E,. The set
X, X5,++, X, is called a basis of L. The determinant of L, written d(L), is de-
fined to be the determinant of the basis X,,X,,---,X,. Lis said to be S-admis-
sible, for a set S in E,, if S contains no points of Lin its interior other than the
origin. Define the critical determinant A(S) to be inf {I d(L) l :Lis an S-admissible
lattice}, if there exists at least one S-admissible lattice, and co otherwise. If A(S)
is finite and if there exists an S-admissible lattice L such that d(L) = A(S), then
Lis called a critical lattice of S.

Call a system of nonoverlapping spheres a regular packing of spheres if their
centers form a lattice; and call it a semiregular packing if their centers form the
union of a lattice with a translation of the lattice, which does not form a new
lattice. The density of a regular lattice packing is the volume of the sphere divided
by the determinant of the lattice. The density of a semiregular packing is twice
the volume of the sphere divided by the determinant of the lattice.

In this paper the following theorem is proved:

THEOREM 1. Let % denote the set of lattices Lin E, where Lis S,;-admissible
and for which there exists a unit hypersphere with no points of Lin its interior,
and let s = inf{ld(L)|:Le%}, then s = 1. Moreover, if Le% and if d(L) =1,
then either L is a unit cubic lattice where the unit hypersphere has its center
at the center of one of the cells of L, or, for some choice of coordinates, L is
generated by the points (1,0,0,0), (1/2,./3/2,0,0), (0,1//3,4/2/{/3,0),
(0,0,0,\/2) and the unit hypersphere has its center congruent to the point
(0,—1/\/3,1/\/6,1//2) with respect to L and has twelve points of L on its
boundary.

The second critical lattice is obtained by placing the critical lattice for S in
two hyperplanes a distance \/2 apart.
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Theorem 1 is easily seen to be equivalent to the following statement:

THEOREM A. If Lis an S,-admissible lattice in E, and if |d(L)| <1, then
any hypersphere H of radius greater than or equal to 1 must contain a point
of Lin its interior or on its boundary. If the radius of H is 1 and if H has no
points of L in its interior, then d(L) =1 and either L is the unit cubic lattice
and H has its center C at the center of one of the cells of L, or, for some choice
of coordinates, L is generated by the points (1,0,0,0), (1 /2,\/3/2,0,0),
(0,1/4/3,4/2/4/3,0), (0,0,0,./2) and C is congruent to (0, —1//3,1//6,1/\/2)
with respect to Land H has twelve points of L on its boundary.

THEOREM B. Let L denote a lattice in E, with the following properties:

(i) L contains five points 0,X,X,,X3,X4suchthat 0X,=0X,=0X;=0X,
and the five points do not lie in a three space.

(ii) OX = 0X, for every point X of L other than O. Then every hypersphere
ofradius(ld(L)|)”"'contains a point L in its interior or on its boundary. The
point needs to be on the boundary only in the case where L is a rectangular cubic
lattice and the hypersphere has its center at the center of one of the cells of L.

Theorem B was first proved by Hofreiter [1], although his proof depends upon
a large enumeration of cases and its correctness has probably not been thoroughly
investigated. Dyson [2] gave a proof of this theorem in his famous paper in which
he proved Minkowski’s conjecture for four nonhomogeneous linear forms. This
theorem is one of two which establish the conjecture.

Theorem 1 is a generalization of Theorem B.To see that this is so we show that
Theorem 1 implies Theorem B. Suppose that L is a lattice satisfying the hypotheses
of Theorem B. By expanding or contracting L without altering its shape, the truth
or falsehood of Theorem B is not affected. Therefore we may assume that d(L) =1.
Let g = 0X,. The volume of the parallelepiped of which 0X,,0X,, 0X;, OX, are
edges is an integral multiple of the determinant of L. Therefore ¢ = 1. Thus, L is
S,-admissible and we have the hypotheses of Theorem A satisfied. Thus, any hyper-
sphere H of radius 1 must contain a lattice point in its interior or on its boundary.
In the critical case L is the unit cubic lattice since hypothesis (i) rules out the other
critical lattice, and the implication holds.

Theorem 1 can be considered in another light.Let K denote the body consisting
of S, and a unit hypersphere H with center at the end of one of the diameters of S,
and the reflection of H. Then Theorem 1 shows that the critical determinant of Kiis
1 and that there are two critical lattices for K.

Theorem 1 also implies that the density of any semiregular lattice packing does
not exceed the density of the densest regular packing. To show this we assume the
proposition is not true. It is known that the densest regular lattice packing is by
hyperspheres of radius 1 with a lattice determinant of . Now there exists a semi-
regular packing with lattice L and hyperspheres of radius } having greater density.
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This implies that d(L) < 1. Since about every lattice point we have nonoverlapping
hyperspheres of radius 4 the distance between lattice points must be at least 1,
therefore L is S,-admissible. Let .S denote a hypersphere of radius 4 with center a
translated lattice point, then the distance from the center to any lattice point is at
least 1. Now expand S to a hypersphere of radius 1 with the same center. Then S
contains no lattice points in its interior. But this contradicts Theorem 1 and
the proposition holds.

At the end of this paper an example is given that shows that the 5-dimensional
analog of Theorem 1 is not true.

We now establish some preliminary results before beginning, the proof of
Theorem 1. Throughout we use Cartesian coordinates x, y, z, w.

The critical lattice of S, is known to be obtainable by rotating about O the lattice
L generated by the points (1,0,0,0), (0,1,0,0), (0,0,1,0), and (3, 1, 1, 1). The 3-dimen-
sional sublattice L,, generated by the first three points, is the 3-dimensional unit
cubic lattice and has six points on S, the 3-dimensional cross section of S,. In the
hyperplane w = 4, L has eight points on the cross section of S, and in the hyper-
plane w=1 the cross section is the single lattice point (0,0,0,1).

If we consider any 3-dimensional sublattice L, of L different from L,, then
the hyperplane containing L, has twelve points of L; on the cross section of S,.
We can choose a new set of rectangular coordinates so that L, is generated by
X;=(1,0,0,0), X,=(1/2,4/3/2,0,0), X;=(0,1//3,4/2/{/3,0) and L is
generated by X,, X,, X;, and X,=(0,1/\/3,—1/\/6,1/,/2). Considering
cross sections, we have a cross section of radius 1/,/2 in the hyperplane w = 1/,/2
and six points of Lin a rhombus shaped configuration. We have a similar cross
section in the hyperplane w= —1/,/2.

LeMMA 1. Let L denote a lattice in E; such that d(L)<1 and L is S;-ad-
missible; then any sphere H of radius(4[d(L)]*—1)"/%/2d(L) contains a point
of Lin its interior or on its boundary. Moreover, if H has no points of L in its
interior and if d(L)=1, then L is the unit cubic lattice, H has radius \/3/2,
and its center is the center of a cell of L. If H has no points of Lin its interior
and if d(L)<1, then d(L)=1/\/2, L is generated by X,=(1,0,0),
X, =(1/2,4/3/2,0), and X; =(0,1//3,/2/\/3) for some choice of coordinates,
and H has radius 1/\/2 and six points of Lon its boundary.

Proof. Let L be a lattice in E; with d(L) = 1 and assume L to be S;-admissible.
Suppose there exists a sphere H of radius r=(4[d(L)]?—1)/%/2d( L) containing no
points of Lin its interior or on its boundary. Let (a, b, c) denote the center of H,
and let T(x,y,z)=(x—a,y—b,z—c,1/2d(L)). Then T maps E; onto the
hyperplane w = 1/2d(L) in E,. Let T(H) = H' be a sphere of equal radius and
center (0,0,0,1/2d(L)). Let T(L) = L,, then L, has no points inside or on H’.

Choose a basis X; ,X,,X; of Land let X, denote a point of L, a minimum
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distance from (0,0,0,1/2d(L)). Let L' denote the 4-dimensional lattice generated
by X;, X,, X3 and X,, where the fourth coordinates of X,;, X, and X are
now zero. Then d(L)=d(L)1/2d(L)=1%. Since 1/2d(L) = %, the construction
of L assures us that L' is S,-admissible. Moreover, H' is the cross section of S,
in the hyperplane w = 1/2d(L). But A(S,) = %. Therefore L’ is the critical lattice
for S,. Since there can be at most twelve points of L' on S, in the hyperplane
w =0, there must be points of L' on H’, for the lattice L' has 24 points on S,.
But this contradicts the fact that H' contains no points of L', therefore any sphere
of the given radius must contain a point of L.

If we assume that H has no points of L in its interior and d(L) =1, then H
has radius \/3 /2 and we can construct L' as above and we obtain the critical
lattice where L, is the unit cubic sublattice in the hyperplane w =0, and H’
has center (0,0,0,1). Thus Lis the unit cubic lattice and H has for its center the
center of a cell of L, in view of the discussion of the critical lattice of S, given above.

If we assume that H has no points of Lin its interior and that d(L) < 1, again
we construct L' as above. Since 1/2d(L) > %, L' has exactly three hyperplanes
meeting S,. From the above discussion of the critical lattice of S,, we know
the sublattice L; in the hyperplane w = 0 must be generated by X, =(1,0,0),
X, =(1/2,4/3/2,0), and X3 = (0,1/4/3,/2//3) for some choice of coordinates.
Therefore L must also be this lattice. Moreover, d(L) = 1/\/2 and the radius
of H' is 1/,/2 in the hyperplane w =1/,/2. Therefore, H has six points of L
on its boundary. This completes the proof of the lemma.

Proof of Theorem 1. Let Le%, then d(L) = A(S;) =4%. Therefore s=1.
Moreover, the unit cubic lattice with the unit hypersphere having its center at
the center of one of the cells is in % and its determinant is 1. Therefore, s <1.

Next we show that there is a lattice Lin % and a unit hypersphere H such that
Lis a critical lattice for the body consisting of S;, H, and the reflection of H
through O. Let L € % and let S denote the unit hypersphere with center C. There
are two cases to consider: either S has a point of L on its boundary or it does
not. If S does not have a point of L on its boundary, then increase the radius
until it does and select a point of L on S and call this point the origin 0. Now
decrease the radius of S again to 1 keeping the origin on the boundary of S and
such that this unit hypersphere say S’, is contained in the expanded S. Let K
denote the body consisting of S, S’ and the reflection of S’ through O, then L
is K admissible. If S contained a point of L on its boundary, then increasing
and decreasing the radius is not necessary. Let K’ denote the body consisting
of S4, a unit hypersphere H with center (0,0,0,1) and the reflection of H through
0. By rotating the lattice L to L' such that K goes onto K’ we have a lattice L’
that is K’ admissible. Thus every lattice in % is K’-admissible for some rotation
of the lattice. By Mahler’s Compactness Theorem [3] the body K’ has a critical
lattice L. Moreover Lis in % and d(L) = s. For the rest of the proof let L denote
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this fixed critical lattice and assume that s < 1. We then obtain a contradiction
to this assumption which implies that s =1.

Next we obtain a lower bound on the number of points of L on the boundary
of K’. To do this we need a slight generalization of a theorem of Swinnerton-Dyer.

Let Q denote a bounded closed convex body in n-dimensions symmetric about
the origin. Let A denote any Q-admissible lattice generated by the points
X,,X,,-+,X,; then define a lattice A’ to lie in a small neighborhood of A if
A’ can be generated by a set of points X}, X,, -+, X, each of which liesin a small
neighborhood of the corresponding X;. Call A extremal if in a sufficiently small
neighborhood of A there are no Q-admissible lattices A’ with d(A’) < d(A).
Thus all critical lattices are extremal.

Swinnerton-Dyer [4] has proved that any extremal lattice A, with respect to
the convex body Q, contains at least n(n + 1)/2 point-pairs on the boundary
of Q where a point-pair is a point and its reflection through O.

Let R denote the body in E, consisting of a hypersphere T of radius r about
the origin, a hypersphere S of radius r with center (0,0,---,0,r), and the reflec-
tion S’ of S through O. Swinnerton-Dyer’s theorem is also valid for this body
provided that we count a point that occurs in the intersection of .S and T or S’
and T twice. The only change necessary in Swinnerton-Dyer’s proof is that if
P occurs in the intersection of S'and T or S’ and T we put two tac-planes through
P, one with respect to T and one with respect to S or .

Applying this result to the body K’ defined above, we have at least ten point-
pairs of Lon the boundary of K’ with the possibility that some are counted twice.

If S, has three or more linearly independent points of L on its boundary,
say X;,X,,X3, then let L, denote the 3-dimensional sublattice generated by
these points and let Q denote the hyperplane containing L,. To show that the
points X,,X,,X; generate a 3-dimensional sublattice L, of L we suppose that
they do not. Then we have 1/\/2 <d(Ly) = ]{Xl »X2,X5} l/n where
1/\/2=A(Ss) and |{X,X,,X;}| is the determinant of the three points ard
n > 1 is the index of the points with respect to L,. But |{X 1,X2,X3}| <1,
therefore n < \/2 which implies that n = 1, a contradiction, and the three points
are a basis for L,. Let Q' denote the hyperplane parallel to Q at a distance d
from Q containing the closest lattice points of Lto Q. There exists a point C’
congruent to the center of H such that H' , the unit hypersphere center C’, meets
0 in a sphere of radius r where r = (1 — d?/4)'/2. Applying Lemma 1, we have
r< (1 —1/4[d(Le))*]""* since d(Lo) < 1. This implies that 1 < d-d(Lo) = d(L)
< 1, a contradiction; therefore S, must have fewer than three linearly independent
points of L on its boundary.

Note that the above argument holds for any 3-dimensional sublattice of L
that has determinant less than or equal to 1. Therefore we may assume that every
3-dimensional sublattice of L must have determinant greater than 1.

Since S; has fewer than three linearly independent points of L on its boundary,
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S, can have at most three point-pairs of L on its boundary, since the critical
lattice for S, has three point-pairs on its boundary. Therefore, we must have
at least seven distinct point-pairs on K’ and counting the origin we have at least
eight points of L on the hypersphere H.

Next we show that there must be at least nine points of L on H. If we have
three point-pairs on S, and if we do not have three linearly independent points
among them, then the six points must lie in a 2-dimensional cross section of
S4. Let A, denote the 2-dimensional sublattice generated by two of the points,
say X, and X,, where X, and X, are linearly independent. Then A, is the critical
lattice for S, and its determinant is \/ 3/2. Let Y be a point of La minimal dis-
tance from the two-space containing A, and let ¢ denote this distance. Let L,
denote the 3-dimensional sublattice generated by X ;, X, and Y, then d(L,) =+/3¢/2,
and, since d(L,) > 1, we have ¢ >2 /\/3. Let Z be a point of L a minimal dis-
tance from the three-space containing L, and let d denote this distance. Let g
denote the distance from the projection of Z into the three-space containing L,
to the two-space containing A,. We want to show that d*> = 3c?/4. Suppose
that d? < 3c?/4, then if g <c/2 we have (d*> + ¢*)"*<(3c? /4 + 2 [4)'/? = ¢c.
But the distance from Z to the plane containing A, is (d? + ¢?)'/? which is less
than ¢ contrary to our choice of Y. If g >c/2, then (c—q)*> <c?/4 and
(d* + (c—9))'* < (3c* |4 + ¢*[4)"/? = c. But the distance from the lattice point
Z — Y to the plane containing A, is (4 + (¢ —g)?)"/? which is less than ¢ contrary
to our choice of Y. Therefore d = \/3c/2. Now

3 3 3 3 34
d(L)=dc‘L2-gl/§-c2\/7—=zc2 >33 = 1,
but this is impossible since d(L) < 1; therefore we cannot have three point-pairs
on S,. Thus there are at most two point-pairs on S,, and, counting the origin,
we must have at least nine points of Lon H.

Next we show that if there are eight points of Lon H in a 3-dimensional cross
section of H, then the theorem is true. We will use some results from a paper
by the author [5]. According to Theorem 1 of this paper, we have a 3-dimensional
rectangular sublattice of L. Let Q denote the hyperplane containing this cross
section. Choose the origin O to be one of the eight points with X, = (x,0,0,0),
X,=(0,y,0,0) and X, =(0,0,z,0) so that we have a basis of the 3-dimensional
sublattice. The remaining four points are given by X, + X,, X, + X3,X, + X;,
and X, + X, + X;. By choosing the proper direction for the w-axis we have
C=(x/2,y/2,z/2,p) where C is the center of H and p = 0. Let Q' denote the
hyperplane parallel to Q in the positive direction of the w-axis that contains
the closest lattice point of L. Let d denote the distance between Q and Q’. Let
P, denote the parallelepiped determined by the points T=(0,0,0,d), T+ X,,
T+ X, T+ X3, T+ X, + X, T+ X+ X3, T+ Xo+X3and T+ X, + X, + X 5.
Let F, denote the face of P; determined by the points T, T+ X,, T+ X, and
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T+ X, + X,; F, the face determined by T, T+ X,, T+ X3, T+ X, + X3;
and F; the face determined by T, T+ X;, T+ X3 and T+ X, + X;. Let
F{ denote the face opposite F; for i =1,2,3.

Let P, denote the parallelepiped determined by O, X,, X,, X3, X; + X,,
X, + X3, X,+ X3 and X, + X, + X;. Let H, denote the cross section of H
in Q and H, the cross section of H in Q'. Place hyperspheres of radius 1 about
each of the vertices of P,, then each of these eight hyperspheres meets Q' in a
sphere of radius (1 — d?)*/? with centers at the respective vertices of P,. The
radius of H, is (1 — (d—p)®)*/* and the radius of H, is (1 —p?»'?; also
|C| =1, therefore x/4 + y*[4+ 2[4+ p*=1. Moreover, d(L)=wyzd <1
and wyz > 1, therefore d < 1.

LEMMA 2. The face F, must be covered by the sphere H; and the four spheres
of radius (1 — d*)"'* about each of the vertices of F,, where covered means
that every point of F, is interior to or on the boundary of at least one of the five
spheres and there exists a point of F, that is not interior to any of the five spheres.

Proof. Suppose first that F, is not covered, then decrease d until F, is covered.
Now we show that H, meets F, in a circle of radius r where 0<r <(x?/4+ y?/4)}/2
If (1 -@d-p>»Y*<z/2, then 1 —dH)'? =(x?/4+ y*[4)!?and 1 — d® + 2pd
—p?*<z?/4. Thus x*/4 + y?[4+2pd < z?[4 + p*> = 1 —x?/4 — y?/4 which
implies that x%/2 + y*/2 + 2pd < 1, but this is impossible since x =1 and y > 1
and 2pd = 0. If r = (x2/4+y?/4)"/? then (1—d?)'/*=0 and d=1, a contra-
diction.

Since F, is covered, there exists a point X, in F, such that X, is on the sphere
with center T and on H, and X, is not interior to any of the five spheres. Therefore,
X, =(tx,sy,0,d) where 0=t<% and 0<s<1%. From the symmetry of the
covering of F; we have the following possible locations for X,:

(1) t=1%and 054,

2 t=0and 0<s=4,

(3 O0O<t<}and s=0,

4) O0<t<iand s=4%.

We want to show that d > 1/,/2. Since X, is on the sphere about T we have
t2x? + s?y?> =1 —d?, and since X, is on H; we have (tx — x/2)% + (sy — y/2)?
+ z%/4 = 1 — (d—p)*. Squaring and substituting we have tx2 + sy =1—2pd.

If (1) holds, then x?/2 +sy*>=1—2pd and x?/4 + s’y?> =1 — d*. Elimina-
ting x terms, we have d2 — pd + (s*y® — sy*/2 —1/2) = 0, and, solving for d,
we obtain d =%[p+ (p* + 2+ 2sy*(1—25))"/*]. Suppose that d <1/,/2 then
(p* + 2 + 2sy*(1-25))"/? < /2 — p and squaring we have sy*(1—2s) < —,/2p=<0.
But 0 <sy?(1 —2s) since 0<s<} and we have a contradiction.

If (2) holds, then s?y?=1—d? and sy*=1-2pd; morecover, we have
(1-d*»'"*< y/2. Suppose d<1/,/2, then 1//2<(1—d®'2<y[2 which
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implies that y > (/2. Now 1> d? =1-5%y? thus y > 1/,/2s = y*/\/2(1 — 2pd)
since s = (1 — 2pd) [y*. Therefore /2 = \/2(1 — 2pd) > y, since 0 <1—-2pd £ 1,
and we have a contradiction.

If (3) holds, then tx? =1 —2pd and t2x2=1—d?, also (1 —d*)'* < x/2.
Suppose d < 1/,/2, then 1/\/2 < (1 —d*)"> < x/2 and we have \/2 <x. Now
1>d*=1-1>x? and therefore x >1/,/2t=x?//2(1 —2pd). Thus we have
J224/2(1 —2pd) > x, since 0 <1—2pd <1, a contradiction.

If (4) holds then tx? + y?/2=1—2pd and t’x* + y*/4=1 — d*. Elimin-
ating the y terms and solving for d, we have d = {[p + (p*+2 + 2tx*(1—21))"/?].
Suppose d < 1/\/ 2, then, squaring the inequality as in (1), we have
tx3(1 —2f) < —4/2p. But 0<1—2t<1 therefore 0 < —/2p <0, a contra-
diction. Thus we have d = 1/{/2.

Let L' denote the lattice generated by X, X,, X3 and X,, then d(L) < d(L)
since we have decreased d . If we can show that (a) L' is S,-admissible and (b) that
L has no points interior to H, then we have a contradiction and F, must be
covered.

Proof of (a). Since d = 1/,/2 it is sufficient to show that no points of L' N Q’
are interior to the sphere about T. Suppose that in the hyperplane Q' there exists
a point Z of L' such that | Z| < 1. Then there exist integers m, n and u such that
Z=mX,;+nX,+uX;+ X,. Since z = 1, it is sufficient to find a contradiction
for u = 0; therefore

Z? = (mx +tx)* + (ny +sy)> +d* <1
and
m2x? + 2mtx? + n?y* + 2nsy* + 2x* + s2y? < 1
and
(m? + 2mt)x? + (n® + 2ns)y? < 0.

However, for all integers m and n we have (m? +2mt) =0 and n? +2ns =0
since 0<s<%}and 0<t<4, and we have a contradiction.

Proof of (b). If p=0, then d=1/,/2 implies that w= —d, w=0 and
w=d are the only hyperplanes meeting H. If d =2p where p# 0, then
(1-d*»'*=0 and d=1 which is impossible. If d <2p, then the radius of
H, is greater than the radius of H, and F, is interior to H, which again is im-
possible; therefore d > 2p. If p = 4, then d > 2p = 1 which is impossible; there-
fore 0<p<3%.If1—-1//2<p<%, then w=0 and w = d are the only hyper-
planes meeting H. f 0<p<1-—1//2, then w=—d, w=0 and w=4d are
the only hyperplanes meeting H. For if w =2d meets H, then p 2 2/,/(2) - 1,
but 2/\/(2) —1>1-1/,/2, a contradiction. Therefore to show that H has no
points of L initsinteriorit is sufficient to check the hyperplanes w= —d and w=d.

Suppose there exists a point Z of L’ interior to H,, then there exist integers
m, n, and u such that Z=mX, + nX, + uX; + X, and we have
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x2 _V2 z 2 2
(mx+tx—?) +(ny+sy—7) +(uz—5-) <l—-(@d-p*°.

Since z = 1, it is sufficient to check the planes u = 0 and u = 1 and since x and
y are greater than or equal to 1 for each u, it is sufficient to check values of m
and n between —1 and 1.

If u =0 we have, after the usual substitutions

m?+2mt —m—0)x2+(?+2ns —n—s)y> < —1 +2pd = —tx? — sy?,
and
(m? + 2mt — m)x® + (n? + 2ns — n)y* <0.

Again m? + 2mt —m =0 for all m and similarly for the coefficient of y* and
we have a contradiction.

If u=1 we obtain exactly the same inequality as above.

Suppose now in the hyperplane w = —d there is a point Z of L' interior to H.
Then Z =mX, + nX, + uX; — X,, and

x\2 % 2\2 .
(mx—tx—?) +(ny—sy—7) +(uz—-7) <1l-(@d+p*.

Again it is sufficient to check for u =0, 1 and for each u, m and n between —1
and 1. After substituting, we have for u =0, (m? — 2mt — m + )x? + (n> — 2ns
—n+9)y*+1+42pd <0. Now 1=2pd + tx* + sy? therefore (m? —2mt —m
+20)x2 + (n*> — 2ns — n + 2s)y®> + 4pd < 0. For m = —1,0,1 and n= —1,0,1
the coefficients of x?> and y* are non-negative and we have a contradiction.

If u =1, we obtain the same inequality as above. This completes the proof
of (b).

Suppose now that the face F, is interior to the five spheres. We again want
to obtain a contradiction so that we will have F, just covered and the lemma
will be proved. We again want to show that H, meets F, in a circle of radius r
where r=0. Suppose that r<O0, then (1 —(d-p)?»)Y?*<z/2 and
1—d?>>x%/4+ y*[4 since F, is interior to the four spheres. Thus
1—d?+2pd - p?> <z*/4and x? [4 + y? |4 + 2pd < z? [4 + p* = 1 — x*[4 — y?/4.
Therefore x2/2 + y*/2 + 2pd < 1, but this is impossible since x=1 and y =1
and 2pd = 0.

There exists a point Y of Lin P,. Since F, is interior to the five spheres, every
face of P, is interior to its respective five spheres and P, is completely interior
to the nine spheres. This is impossible, for then the lattice point Y of L would
have to be interior to at least one of the spheres. This concludes the proof of
the lemma.

In view of Lemma 2, the point of Lin P, must occur on the boundary of P;.
Suppose first that the point X, of Lis in the face F; of P;. Then using Theorem 1
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from [5], Xy, X3 and X, generate a 3-dimensional sublattice M of L and d(M) > 1.
Since X, is perpendicular to the hyperplane containing M, we have
d(L) = d(M)y > 1, a contradiction. If X, is in F3, then X, — X, is in F5, and
a similar argument holds. Suppose next that X, is in F,, then X,, X, and X,
generate a 3-dimensional sublattice M and d(M) > 1. But X, is perpendicular
to the hyperplane containing M, therefore d(L) =d(M)z >1 and we have a
contradiction. If X, is in F}, then X, — X; is in F,; and the same argument
holds. If X, is in F,, then X,, X; and X, again generate a sublattice M with
d(M)>1 and d(L)=d(M)x >1 giving a contradiction. If X, is in F}, then
X, — X, is in F, and the same argument holds.

Thus we have shown that if we have eight points of L N H in a hyperplane
then the theorem is true and d(L)=1.

LEMMA 3. Let S be a hypersphere of radius 1 and A a lattice in E, such
that A has no points interior to S and such that all the points of AN S are in
two parallel hyperplanes Q and Q'. Assume the origin is O and a 3-dimensional
sublattice Ay of A is in Q, and suppose the center C of S is between Q and Q'
and that the distance between Q and Q' is d. Assume there are no lattice points
between Q and Q'. Then if d <1, A, can be expanded so that points of the
lattice are farther apart and d can be decreased to obtain a new lattice A’ such
that d(A’) < d(A) and so that A’ has no points interior to S.

Proof. Let r; denote the radius of SN Q, d, the distance from C to Q, r,
the radius of SN Q' and d, the distance from C to Q’. Increase the length of
the basis vectors of Ay by a positive ¢. Then we can decrease d; to d; and d,
to d, with no lattice points interior to S. Then d? +r’(1 +¢)?=1,
di*=1-(1-d*»1 +¢)?,and d| = (d>(1 + &) — (2¢ + £%))!/?. Using a Taylor’s
series expansion we have d| = d,(1 + &) — ¢/d,(1 + ¢€) + o(e?); similarly we obtain
dy=d,(1 +e) —e/dy(1 +¢&) +0(e?). Now d =dj+d, =d(l + ¢
— edld d,(1 + &) + o(e?). We have d(A) = d(Ag)d and d(A’) = d(Ao)(1 + &)*d’.
Suppose for all £ > 0, d(Ay)(1 + &)3d’ = d(Ay)d. Then

ed

|z

This implies that d,d, (1 + &)*—&(1 + &)* — d,d, = 0 and we have
4did, — 1 +d,d,(6e+ 46> + &) —(2e +£5) = 0

for all ¢ > 0. This implies that4d,d, — 1 =0and d,d, = 1/4.Butd, +d, =d < 1,
therefore d, < 1 — d, and d,d, < d, —d3 for 0 < d, < 1. But the function d, — d3
has as absolute maximum of 1/4 for d, =1/2, and we have a contradiction. Thus
the lemma is proved.

We have proved that there are at least nine points of L on H; moreover, if there
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are exactly nine points, then we must have two linearly independent points a dis-
tance one from the origin. Now we apply Theorem 2 from [5], and if H has ten or
more points of L, then there exists a hyperplane containing a rectangular sublattice
and the theorem is proved. Therefore we assume that there are exactly nine points
of Lon H, then we have the nine points in parallel hyperplanes K and K’ and in K
we have the 6-configuration and in K’ a congruent triangle or the reflected triangle.
We observe that the center C of H must line a hyperplane between K and K’, for
if both K and K’ meet H in a hemisphere, then we can move H in a direction
perpendicular to K and away from, K, and expand H to obtain an inscribed hyper-
sphere of larger radius than H, a contradiction.

First we consider the case where we have the congruent triangle in K’. Let d denote
the distance between K and K’; then we show that d > 4 .Label the points in K as
0,X; X,, X35, X1+ X5, X,+ X,; then X; is perpendicular to X; and to X,. The
points in K’ are given by X,, X, + X, and X, + X, where X, is perpendicular to
X,.Let L, denote the 3-dimensional sublattice generated by 0, X, X;,and X,.
To make d(L,) as large as possible we assume that 0, X, and X, form an equilateral
triangle. Let x denote the length of the sides of this triangle; then | X, | = x and
| X3| £(2//3)(3—x*)"?. The distance from X, to the plane determined by
0, Xy, X5, is d, therefore d(Lo) < |X,||X;|d £ (2xd//3) 3 —x,)"/% Sup-
pose that d < 1, then since d(L,) > 1, we have 1 < (x/+/3)(3 — x%)? which
implies that x* — 3x 24+ 3 < 0. But x*— 3x? + 3 is a positive definite form, and
we have a contradiction, thus d > .

Chose the w-axis perpendicular to K with the positive direction toward K’, then
w =0 w = d are the hyperplanes K and K’. Since d > , no point of Lin w = nd
is within unit distance of O for n = 2.

Let X}, denote the projection of X, into K, then either the distance from X, to
the plane containing O, X, X5, is less than or equal to | X, | or greater than this
value. If it is greater, then we can rechoose O to be X; and X; to be O and relabel
the points. Therefore without loss of generality we may assume the distance to be
less than or equal to § | X, |.

Suppose now that |X 4| > 1, then all the points of Lin K’ are a distance greater
than 1 from any lattice point in K. Now d < 1, therefore we may apply Lemma 3
and obtain a lattice L’ that has smaller determinant than L, is S,-admissible and
has no points interior to H. This is a contradiction, since L is critical, and we have
| X4 =1.

Now | X, — X;| 2 1, and suppose first that | X, — X5| > 1.Let Q denote the
the hyperplane containing O, X, X,, X, then X; + X, and X,+ X, are also in
0, and we have the 6-configuration since X, is perpendicular to X, and to X,.Let
Q' be the parallel hyperplane containing X3, X5 + X, and X5 + X,. If | X;| > 1,
since | X,—X; | > 1, the lattice points of Q' are a distance greater than 1 from the
lattice points in Q. Again the distance between Q and Q' is between 4 and 1; there-
fore we can apply Lemma 3 and obtain a lattice L’ with smaller determinant,
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that is S, admissible and has no points in H, a contradiction. Therefore IX 3] =1.Let
R denote the hyperplane containg 0, X ,,X 3, X, then X, + X, and X, + X ; are also in
R, and we have the 6-configuration since X, perpendicular to X, and X ;. Let R’ be
the parallel hyperplane containing X ,, X, + X ,and X + X ;. Since H has exactly nine
points, we must have exactly two linearly independent vectors of unit length, and
they are X, and X;in R.Thus all the lattice pointsin R’ are a distance greater than
1 from the lattice points in R. But again the distance between R and R’ must be be-
tween 4 and 1, therefore we can apply Lemma 3, as above, to obtain a contradiction.
Therefore | X, — X;| = 1. But again we have two linearly independent vectors
X, and X, — X; in R, therefore the lattice points of R’ are a distance greater than
1 from the lattice points of R. Applying Lemma 3 again, we have final contradic-
tion and this case cannot arise.

Suppose now that the triangle in K’ is the reflected triangle. Label the points
in K as before; then the points in K’ are given by X,, X, + X,, X, + X, — X;.
We wish to show that d > 1/3. Let L, denote the 3-dimensional sublattice gener-
ated by 0,X,,X; and X,. To make d(L,) as large as possible we assume that
0, X, and X, form an equilateral triangle, and let x denote the length of a side.
Then | X;|=x and |X,| <(2/\/3)(3 —x?)"/?. The distance from X, to the
plane containing O, X,, X;, and X, + X5 is given by (x?/12+ d*»)'?;
therefore d(Lo) < | X, || X5|(x*/12+ d»"? and d(L;) > 1. Suppose that
d £1/3, then 1 < (4/3)x*(3 — x?)(x*/12 + 1/9), which implies  that
3x6 — 5x* —12x? +27<0. Now 1 <x and 1 £|X;3| < (2/4/3)(3 —x?)"/? and
this implies that x < 3/2. However, the function f(x) = 3x6 — 5x4 — 12x2 + 27
is positive throughout the interval 1 <x =<3/2, a contradiction; therefore
d > 1/3. This means that there are no lattice points in the hyperplanes w = nd
for n = 3 within unit distance of any lattice point in K.

We now show that there are no lattice points in the hyperplane w = 2d within
unit distance of a lattice point in K. We may assume that the distance from the
projection of the triangle in K’ into K to the plane containing O is g and that
g = %[X 3|. For if not, choose O to be X; and relabel the points in K. In K’
wechoosethepointX4sothat|X4—X1| =< |X4—X2| and |X4—X1l = ]X4|.
Now we list some equalities and inequalities needed in the argument.

(1) XZ =2XC for k=1,2,3,4,

2 Xx,X; =0,

(3) X;X53 =0,

# Xi = X.X,,

() X; = X,X,,

(6) X*< X7 since (X4 — X,)? (X, — X,)?,

(7) X2<2X,X, since (X,—X,)>’S(X,-X,—-X,)>.

The distance g is given by X3X,/| X5| < 4| X;|, therefore

(8) 2X,x,=< X2,
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There are no lattice points on H in the hyperplane w= —d so we have
(=X, + X3+ X, — C)> > C? which implies
9 X2>Xi+X:X,.
We also have (=X, + X3 + X, — C)* > C?; therefore
10) X2>Xx?+X,X,.
(=X4+ X3+ X, + X, — C)* > C?; therefore

A1) X2+ X,X,>X2+X24X,X,.

Now we want to show that the lattice points in w = 2d are not within unit dis-
tance of the origin. This is equivalent to showing that the distance from lattice
points of the following form to O is greater than the distance from X, — X, to O:

(@ 2X,—X,—nX,fornzx1,

b 2X,—X,—(X;+nX,) for nz0,

) 2X4,— X, —nX,—X; for nz0,

d 2X,—-X;—(X,+nX,)— X5 for n=0.

Suppose that (2X, — X; — nX,)?> < (X, — X,)?, then squaring and simplifying
we have 3X2 — 2X} + (n®> — 4n)X3 + 2nX,X, <0. If n=1, we have
3X2—-2X?-3X%+2X,X,<0. Then using (11) we have X7 — X3+ X3X, <0
and using (10) we obtain X? — X2 + 2X,X, <0. But this contradicts (6), since
Voronoi has shown that the lattice vectors from points on an inscribed hyper-
sphere must make acute angles; therefore X3;X,=0. If n = 2, we apply (11) to
obtain X? + (n* —4n + 3)X3 + 3X;X, + (2n — 3)X,X, <0, which gives us a
contradiction since X} = X3.

For (b) we have 3X2 —3X?+ (n?* —4n)X% + 4nX,X, <0. For n=0 we
have X2< X? which contradicts (10). Applying (11) we have
(n® — 4n + 3)X2 4+ 3X,X, + (4n — 3)X, X, < 0. Clearly we have a contradiction
ifn=1,0orif n=3.1f n=2, we have —X3 +2X,X, +3X;X, +3X,X,<0
which contradicts (7).

For (c) we have, using (8), 3XZ — 2X2 + (n® — 4n)X? — 2X;X, + 2nX,X, <0,
and if n =0, we have 3X2—-2X?—-2X,X, <0, and applying (10), we have
X2+ X5X,<0, a contradiction. If n=1, apply (11) to get
X2+ (n*—4n+3)X2+(2n—-3)X,X, + X;X,<0.If n = 3, we have a contra-
diction, and if n=1, we have X?— X,X, + X;X, <0 which implies that
X (X, — X,) <0; but this implies an obtuse angle in the lattice points on H,
a contradiction. If n =2, we have X? — X3 + X, X, + X;X, <0 which again
implies, using (7), that X? — X, X, + X;X, <0, a contradiction.

For (d) we have, using (8), 3X2 — 3X? + (n? — 4n)X2 — 2X,X, + 4nX,X, < 0.
If n=0, we have 3X?—3X?—2X,X, <0, and using (10), we have X;X, <0,
a contradiction. If n=1, using (11), we have (n®>—4n+3)X2+ X X,
+ (4n - 3)X,X, <0, and if n = 3, we have a contradiction. If n =1, we have
X,X, - X2+ X,X, <0 which implies X,(X,; — X,) <0 and again we have an
obtuse angle. If n =2, we have —X3 + 5X,X, + X3X, <0 which implies an
obtuse angle. This completes the list of possibilities.
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Again we assume that the distance from the projection of the triangle in K’
into K to the parallel plane containing the origin is less than or equal to the
distance to the parallel plane containing X ;. Let n denote the plane containing
0, X, and X,, then we project the triangle into K and then into . The vertices
of the projected triangle lie in # N H, and these three points along with 0, X, X,
are the vertices of a hexagon inscribed in 7 N H . The adjacent vertices determine
possibly three different distances. Let g denote the minimum of these three dis-
tances. The adjacent vertices, distance g apart, we now label one O and the
other one the projection of X,. The point opposite the projection of X, we label
X,. This determines the labelling of the remaining points, those in K’ are
X4, X4+ X,,and X, + X, - X,.

Suppose now that | X,| > 1, then, since g is minimal, the lattice points in
K’ are a distance greater than 1 from those in K. Furthermore, we have shown
that all the lattice points in the other hyperplanes are more than unit distance
from O; therefore we may apply Lemma 3. Thus we obtain a lattice L' with smaller
determinant that is S,-admissible and with no points interior to H, which contra-
dicts the fact that Lis a critical lattice. Therefore |X 4| =1.

Now ]X4 - X3| =1 and suppose that |X4 . X3| =1; then we have two
linearly independent vectors of unit length in L. Since we have nine points on
H, we must have exactly two such vectors. Let Q denote the hyperplane con-
taining 0, X, X5, X,, then X, + X isalsoin Q,and X,, X, + X3, X, + X,
and X, + X, — X, are in a parallel hyperplane Q’. Moreover, the two linearly
independent vectors of length one are in Q; therefore all the lattice points of
Q' are a distance greater than one from the lattice points in Q. Since the distance
between Q and Q' is less than one, we apply Lemma 3 to obtain a lattice L',
with smaller determinant, that is S,;-admissible, a contradiction. Therefore
| Xe—X5|>1.

Now suppose that g is strictly less than each of the other two distances. Then
the distance between the lattice points, other than X,, to the lattice points in K
is greater than one. Suppose also that the projection of X, onto the line segment
0X, is between the midpoint and O. If |X 1 | > 1, let A denote the line through
X, parallel to 0X, and move X, a small epsilon distance on the line A toward O.
Then X, + X, — X, moves the same distance in the opposite direction. For
sufficiently small epsilon we have no new points of Lon H and the distance be-
tween lattice points remains greater than or equal to one in all the hyperplanes.
Thus we obtain a new lattice L' that is S -admissible with the same determinant
as L and with no points interior to H. Therefore L is a critical lattice, but L’
has only six points on H since X;,X;+ X3 and X, + X, — X; are no longer
on H. This is contrary to the fact that a critical lattice must have at least nine
points on H ; therefore |X 1] = 1. Let Q be the hyperplane through O, X, X,,
and X, then X, + X,and X, + X, — X, are also in Q. The points X3, X3 + X,,
X3+ X, lie in a parallel hyperplane Q'. Moreover, the two linearly independent
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vectors of unit length X, and X, are in Q. Then, as above, we may apply Lem-
ma 3 and obtain an S,-admissible lattice with no points interior to H and smaller
determinant than L. This is a contradiction, therefore the projection of X, onto
0X, must lie between the midpoint and X,.

If |X2 - X1| = 1, let Q be the hyperplane through O, X,, X,, and X,; then
X, + X and X4+ X, — X, arealsoin Q. The points X3, X3 + X, and X; + X,
lie in a parallel hyperplane Q. Moreover, the two linearly independent vectors
of unit length X, and X, — X, are in Q. Thus, as above, we apply Lemma 3
to obtain a contradiction; therefore |X =X l| >1.

Again let A denote the line through X, parallel to OX,. Since the projection
of X, onto 0X, is between the midpoint and X, and since |X ,—X 1| >1, we
move X, a small epsilon distance on 4 away from O; then X, + X, — X, moves
the same distance in the opposite direction. As above, for sufficiently small epsilon
we have no new points on H, and the distance between lattice points remains
greater than or equal to one in all the hyperplanes. Again we have a new critical
lattice with only six points on H, a contradiction; therefore g must be equal
to one or both of the distances in the hexagon.

Suppose first that g is equal to the distance from O to the projection of
X,+ X, — X, into n. Then we have |X4| =1 and |X4+X2-X,| =1. Let
Q be the hyperplane containing 0, X,, X,, X4, X, + X, and X, + X, — X,
then the points X;, X5+ X, and X; + X, are in a parallel hyperplane Q’.
Moreover, the two linearly independent vectors of unit length are in Q; therefore
the distance between lattice points of Q and those of Q' is greater than one. As
above, we may apply Lemma 3 to obtain a contradiction.

Therefore g must be equal to the remaining distance in the hexagon which
is the distance from the projection of X,+ X,— X, to X,. Thus
|X4+X2—X1 —le = |X4—X1| = 1 and we have |X4| = 1. Again let
Q be the hyperplane containing O, X, X,, X4, X, + X, and X, + X, — X;.
Thus the two linearly independent vectors of length one are in Q and the remain-
ing three points in a parallel hyperplane Q. As above we apply Lemma 3 to get
the final contradiction; therefore this case cannot arise.

Thus we have exhausted all the possibilities for L and finally we have the fact
that d(L)=1.

We proceed now to a discussion of the critical lattices. Let L e % such that
that d(L)=1. Then if every 3-dimensional sublattice of L has determinant greater
than 1, then such a lattice was shown to be impossible in the proof thus far. There-
fore there must exist a 3-dimensional sublattice L, of L such that d(Ly) <1.
Let K denote the hyperplane containing L, and let d denote the distance to the
closest parallel hyperplane K’ containing a point of L.

If d(Ly) =1, then d(Ly)d = d(L) =1 and d = 1. There exists a point C’ con-
gruent to C with respect to L, where C is the center of H, such that the radius r
of Hy (= H' NK) is greater than or equal to (1L — d?/4)'/? = ,/3/2. Applying
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Lemma 1, we have that L, must be a unit cubic lattice and r = \/ 3/2, therefore
C’ is in the hyperplane exactly half way between K and K. Thus H "K' =H,,
a sphere also of radius \/3/2, and the lattice configuration in K’ must be identical
to that in K. Otherwise H, would have a point of Lin its interior. Therefore L
is the unit cubic lattice and C is the center of one of the cells of L.

If d(Ly) <1, then d=1/d(Ly). As above there exists a unit hypersphere
H'’ with center C’ where C’is congruent to C modulo L such that the radius r
of Hy=(H NK) is greater than or equal to (1—d?/4)"?=(4d(Lo)*—1)"/?/2d(L,).
Moreover, H, has no points of L, in its interior; therefore we may apply Lem-
ma 1. Thus d(L,) = 1/,/2 and for some choice of coordinates L, is generated
by X, =(1,0,0,0), X, =(1/2,4/3/2,0,0) and X;=./(0,1/,/3,./2/4/3,0) and
H, has radius 1/,/2 and has six points of L, on its boundary. Furthermore,
d=./2 and H; = H' N K’ must also have radius 1/,/2. The lattice configura-
tion in K’ must be identical to that in K, otherwise H, would have a point of L
in its interior. Therefore L is generated by X,, X,, X3, and X, =(0,0,0, \/2),
and has six points on each of the cross sections in w = 0 and w = /2 hyperplanes.
Moreover, C’ is clearly congruent to (0, —1//3, \/(2)/2\/3,/2/2) modulo L.
This completes the proof of Theorem 1.

The 5-dimensional analog of Theorem 1 with hypersphere H of radius \/ 5/2
is not true. To show this, consider the critical lattice L, for S, generated by the
points (1,0,0,0), (1/2,4/3/2,0,0), (0,1//3,/2/4/3,0),(0,1/\/3, -1 [\/6,1/4/2).
Let S, denote the hypersphere of radius 4 with center (0, —1/,/3,1/,/6,0).
Then S, has eight points of L, on its boundary and no points of L, on its interior.
Let H be a hypersphere in E; with radius /5/2 and center (0, —1/,/3,1/,/6,0,,/3/2).
Let L, be a 4-dimensional lattice in the hyperplane r = 0, where r denotes the
fifth coordinate. Let L denote the S5-dimensional lattice generated by the above
four basis points of L, and the point (0,0,0,0, \/ 3). Then H has sixteen points
of L on its boundary and no point of L in its interior and d(L) = %\/ 3<1.By
expanding L without altering its shape and so that the determinant becomes 1,
we obtain a lattice L' that is S5 admissible with determinant 1 that has no points
either interior or on the boundary of H.
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